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THE FLOW PAST A THIN WING WITH AN OSCILLATING
JET FLAP

By D. A. SPENCE*
Royal Aircraft Establishment, Farnborough, Hants.

(Communicated by D. Kiichemann, F.R.S.—Received 6 July 1964—
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An exact solution is obtained for the linearized flow past a thin two-dimensional wing of chord ¢
at zero incidence in an incompressible stream of density p and undisturbed velocity U, with a thin
jet of momentum-flux 2pU%p emerging from its trailing edge at an oscillating deflexion-angle
7 exp (iwUt[c). The motion is governed by a singular third-order integro-differential equation,
which becomes tractable when g is small: solutions in this ‘weak-jet’ limit depend on a single
parameter ¥ = pw, and are found to exist only when v < 2. The possible significance of this
critical frequency is discussed. Computations of jet shape and lift force for a range of values of v
are presented, and the solutions for periodic plunging and pitching motions of the wing are derived
from that for deflexion. The formulation follows that of an earlier paper (Spence 19615), in which,
however, an unsound approximation was made to the governing equations.
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1. INTRODUCTION

The name ‘jet flap’ is given to a means of obtaining increased lift on a wing, ideally without
loss of thrust, by allowing high velocity air from the jet engines to emerge in a narrow sheet
from the trailing edge of the wing at some downward inclination to the undisturbed stream.
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446 D. A. SPENCE

The first experimental investigation of its properties was described by Schubauer (1930),
in an M.Sc. thesis at the California Institute of Technology, but this remained unpublished.
The principle was rediscovered by Hagedorn & Ruden (1938), and again after the advent
of jet engines had made it a practical possibility, by independent teams of workers in France
(Poisson-Quinton & Jousserandot 1955) and in England (Davidson 1956; Dimmock 1957).
Subsequent work has been carried on in these and other countries, that up to 1960 having
been reviewed by Williams, Butler & Wood (1960) at the second I.C.A.S. conference in
Geneva. An analogy between the jet and a mechanical flap which explained many of the
observed features was developed by Stratford (1956), and soon after this Woods (1958) in a
more theoretical treatment exploited the similarity between the jet and the vortex wake
behind an aerofoil in unsteady motion.

A more self-contained approach was proposed independently at about the same time
by Helmbold (1955) in America, by Malavard (1956) and Legendre (1956) in France, and
by the present author (Spence 1956) in England. These authors, like Woods, use the methods
of thin-aerofoil theory, replacing wing and jet by vortex sheets, but by treating the jet sheet
as infinitely thin (and therefore as containing fluid moving with infinite velocity, at a finite
momentum-flux) they are able to obtain a simple boundary condition, namely that the
pressure difference is proportional to the curvature along the jet, which is semi-infinite in
extent. A second boundary condition of a different character is supplied by the require-
ment of no flow normal to the wing, so the problem is a mixed boundary-value one. It
is very similar to others of this type arising in elasticity and in diffraction theory. Fairly
complete numerical solutions were obtained by Spence (1956), and in a later paper
(Spence 1961 a) the problem was explored further by analytical techniques. In particular
it was found that for small values of a certain jet strength parameter # (defined by equa-
tion (7) below) the integro-differential equation for the downwash distribution over the jet
could be put into a form that is independent of x, and admits a closed solution.

At about the same time Sears (private communication) called attention to the existence
of a class of unsteady-flow problems involving the jet flap. Time-dependent motions could
be produced in practice by control movements, by flight through gusty air, and by
aeroelastic disturbances. The jet-flapped wing is so different from an ordinary wing, (the
effective chord along which disturbances are propagated being of infinite extent), that
one might expect qualitatively-different responses to time-dependent inputs from those
of classical aerofoil theory.

Erickson (1962) has shown that provided the velocity of the jet normal to its boundaries
is small compared with the streamwise velocity within it, the relation between pressure
difference and curvature holds exactly as in steady flow. This is equation (5) below. It
might be a poor approximation for a very high-frequency oscillation, but we shall continue
to treat the jet velocity as infinite, in which case it holds for all frequencies, if only to obtain
a consistent theory from which the main effects of time dependence might emerge. A pre-
liminary investigation for unsteady flow (Spence 196146) was carried out by means of this
formulation, and in particular the response of the jet shape to a step-wise change in its
initial deflexion angle was considered. The investigation was made for the ‘small x> limit,
and the main question discussed was the motion at small times after the change in deflexion.
The treatment then involved a further approximation, namely the omission of space
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derivatives from the equations in comparison with time derivatives, after which a ‘similarity’
solution in terms of a variable x/t existed. Subsequently Erickson has thrown doubt on
this latter approximation, and in the hope of resolving this the problem has been re-
examined using the full ‘small g’ equations, i.e. those with both space and time
derivatives present. What is presented now is therefore the first exact solution of the problem
as it was posed in the paper cited.

The case considered is that of a steady oscillation in deflexion angle with reduced
frequency w. The ‘small 4’ equations treated are (24) and (25) below: these are precisely
those quoted for the same case in Spence (1961 4), but wrongly simplified in that paper by
omission of the derivatives on the left-hand sides. The equations depend not on w by itself,
but on the parameter v = uw, which must be retained even though x is small in order to
preserve physically-correct behaviour far from the wing. v is effectively a Strouhal number.
An unexpected finding was that the limiting equations possess a solution only for v < 2, so
there is an upper limit 2/x on the frequency w for which a solution is possible. This appears
to be the underlying mathematical reason for the failure reported by Erickson of the earlier
approximate solution for a transient motion, since this would be made-up in general of
Fourier components of all frequencies. This emergence of a critical frequency, and the
apparent inadequacy of the equations to treat sudden changes, raise interesting physical
questions not only for the jet flap but for wake flows, which are closely related mathematic-
ally although containing a momentum defect in contrast to the momentum excess in a jet.

Outline of contents

The governing equations for a general unsteady motion, derived from the results of
Spence (1961 a, b), are set out in § 2, and specialized in § 2-1 to the case indicated in figure 1a
of oscillatory flap-deflexion for a wing at zero incidence; the ‘small #’ approximation is
then introduced in §2-2 to obtain a single integro-differential equation (22) for the jet
ordinate 4. This equation is solved in § 3, in three stages: first, a Laplace transformation is
applied in § 3-1 to eliminate x derivatives; secondly, the resulting singular integral equation
is solved in §3-2 by methods due to Carleman (1922) and Muskhelishvili (1946) for the
Laplace transform #; and thirdly, this solution is inverted in §§3-3 and 3+4 to give the
physical ordinate . The limiting behaviour of the solution for small and large values of x is
discussed in §4-1, and an expression for the lift coefficient deduced from this in §4-2. In
§4-3 we discuss the way in which the solution when v is small approaches that found for
steady flow (v = 0) by Spence (19614). In §4-4 we sketch the way in which the approxima-
tion of § 2-2 can be improved by retaining extra terms in x. A solution of the same form is
still possible, but depends on both z and v, and the relation between w and g at the critical
boundary becomes more complicated.

Some numerical computations of jet shape are described in §5, and the remaining
§§ 6 and 7 treat in outline the cases indicated in figures 15 and 1¢in which the wing executes
plunging and pitching motions respectively, while the jet emerges tangentially from the
trailing edge. The solutions for these cases can be expressed in terms of that for the deflexion
case. A general motion could be built up by the superposition of all three.

55-2
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448 D. A. SPENCE

2. GOVERNING EQUATIONS

Equations derived more fully in Spence (1961 a, ) are summarized below. The system
is governed by the singular integral equation

_ f y(xp) dxy (1)

Y x,—x
expressing the downward velocity on the axis in terms of the strength of a vortex distribu-
tion y(x) equal to the difference in streamwise velocity components immediately above and

immediately below the wing and jet, which occupy the intervals 0 < x <¢ and x >¢
respectively. If we write
w(x) = {ww(x) (0<x<c¢) (2)
wylx) (< x<o0),
together with a similar decomposition of y(x), then a standard inversion of (1) permits the
elimination of y,,(x), leading to the equation

o\t V) dxl_ﬁg(z—__)% [ )%ww%)dxz
wJ(x)+2ﬂ( X ) f{; (xr—c) x,—x 7w\ x 0 \C—Xg Xp—x (3)

on the semi-infinite interval x > ¢. wy,(x) is regarded here as known from the boundary
condition on the wing (and will be taken as zero in the next sections).
The motion of the jet provides the kinematic equation

J . .0
(5 U ) b= s @

U being the velocity of the undisturbed stream, and %, the depth of the jet below a horizontal
(streamwise) axis. In addition, the jump 4p say in pressure across the jet is related to its
curvature « by the equation Ap = «J, (5)

where J is the momentum flux in the jet. When « is replaced by — ¢%4,/dx? and use is made
of the unsteady form of Bernoulli’s equation, this can be written

o 2 h,
(3t+Ua) — 2wl Y, (6)

where b= =31C,. (7)

Our object is to solve equations (3), (4) and (6) for a wing motion specified by w,,(x, {) and
a prescribed variation of (dk,/dx) (¢, t), the jet slope at exit. From the solution we wish in
particular to calculate the lift force, which is given in terms of the vorticity on the jet and
the downwash on the wing by

L=p(Urieg) T +o g — [ we—0tr) dvr2 [ ety ds], (8)

where I, (t) is the circulation round a circuit enclosing the wing and cutting the jet far
downstream, and is expressible in terms of y; as

ro = ") mwnarre [ (5 ) wn ae (9)

= 27 lim xw,(x), (10)

X—>00
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FLOW PAST A THIN WING WITH OSCILLATING JET FLAP 449

by (4). From (4) and (10) we infer that w,~ dk,/dt ~ I, |2mx when x is sufficiently large,
so that &, then behaves like 1/#, in contrast to the situation in steady flow when it is Jk;/ox
that behaves in this way, and £, ~ In x.

2-1. Oscillatory deflexion angle, wing at zero incidence
We shall consider first the ‘deflexion’ case in which the wing remains in a fixed position
at zero incidence throughout, that is
hy(%,8) = 0 = wy(x,1), (11)

and the motion is induced by varying the exit angle of the jet. Since solutions for different
boundary conditions at the wing are linearly superposable, that to be found now can

- Teiw(Ut/c) ’
(a) x=0 WW( O)x=c """ .. W
174
&
U /J’celw( ) BRER S
(c)
U

Ficure 1. Modes of oscillation (schematic). () Deflexion-angle oscillating; (b) plunging motion;
(¢) pitching motion. The broken lines indicate the jet position 180° out of phase from the solid
lines. Between these limits the phase advance is a function of position along the jet, and the
points of zero deflexion vary during a cycle.

subsequently be combined with those for cases in which the wing moves but the jet emerges
at all times tangentially at the trailing edge, as in the general pitching and plunging motion
indicated in figures 1 (5) and 1 (¢).

To treat an oscillation of reduced frequency o we replace #,(x,¢) and y,(x,{) in the
pI‘CViOllS section bY eint/chJ( x), eint/c,},J(x) (12)

respectively, with boundary conditions

K(Q) =1 (say), Be) =0. (13)
Equations (3) and (4) then combine to give

foredhois - (59 (2 Pt oo
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450 D. A. SPENCE

while (6) becomes (lerC(;l))/J( ) = ~2ﬂU€2(31h3 (15)

Our object is to solve this pair of equations, subject to the stated boundary conditions. The
equations can be combined, as is shown in appendix A, into the single integro-differential
equation

(mc ) (%) — f[x ]};f)d

:———Tc—‘——fo(iw———cj—)( 1 )fy (x)) dx;.  (16)
2nUx?(x—c)t J . 2xx,) \wy—¢) TV

An analyticsolution of this equation as it stands does not seem possible, although a numerical
solution of the type used by Spence (1956) for the corresponding equation for steady flow
could almost certainly be found by approximating to 4, by means of a finite number of
terms of a Fourier series in § = 2 cos~!(¢/x)!. We shall however consider here the approxi-
mate form to which (16) reduces when the jet-strength parameter x is small compared
with unity (i.e. when C; is small compared with 4, which is certainly the case in any
practical system). As in the investigation for steady flow reported in Spence (19614a), we
‘stretch’ the trailing edge region by use of the co-ordinate

*=(x—c)[uc, i.e. xfc=1-px. (17)

With the substitution hy(x) = per(x[c)"Eh(X),
oo | (19)

Vo(%) = 2Ur(xc)Eg(x),

(16) becomes

[+ (%E)Z - (I?ﬂ[x) (iv+a%) +3(; fﬂ)z] A(%)

“E) [ - r@ (Ve ) ]

~ 1 ("L S —Ch e A
where V= i, (20)
and from (13) k'(0) =1, k(0)=0. (21)

2:2. Approximation for small p

A first approximation for small g, valid uniformly for 0 < x <00, is obtained by setting
4 = 0 wherever it occurs explicitly in (19), but retaining the terms in » which, although
unimportant when x is small, are necessary to ensure that the asymptotic behaviour of the
solution for large x shall be physically correct (for, since £ behaves asymptotically like a
negative power of x, vh > dk/dx wherever x > 1/v).

The limiting equation to be solved is thus

e odNE, ] %h’”( ¥)dx, wA
P SN B (S . I,
say, where A = iv lim *¥%h(x) = =2 x2g(x,) dx, = rrUn/ﬁ’ (23)
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the boundary conditions being given by (21) as before. We have replaced the expression
(9) by I, exp (iwUt/c). At this stage its magnitude, and therefore that of 4, might appear
to be a disposable parameter, but it will be found that for each v a solution of (22) exists
for just one value A4 (v), which is therefore more properly looked on as an eigenvalue of the
system. In fact it is ultimately found (equation (79) below) that |4(v)| has the constant
value 7% for all ».

Before proceeding to this solution the limiting forms of equations (14) and (15) following
the substitution (18) may be noted. As z— 0 these are

-2 3 200
(iv+a%) 2(®) = —K"(®). (25)

These can be combined to yield (22) by the same method as used in appendix A for the
full equations. They are precisely the equations used to treat oscillatory motion by Spence
(1961 0), but further approximations were then made. These are discussed in the light of
the present exact solution in § 8 below.

3. SOLUTION OF EQUATION (22)

The solution can be obtained by a method similar to that used by Spence (19614) to
treat the corresponding equation for steady flow (which is obtained by setting v = 01in (22)).
From now on the bar over x in (22) e seq. will be omitted. There are three stages in the

solution: first, an integral equation is derived from (22) for the Laplace transform of 4(x),
defined by

e ¢ " ebh(x) d; (26)

secondly, the equation is solved by the method of Carleman (1922); and thirdly, the
resulting expression for /(£) is inverted to yield 4(x). The inversion can only be accomplished
if v < 2 and then only for one value of 4(v), which is therefore fixed at that stage.

3-1. Equation for k(&)

This is found by applying the Laplace operator to the terms of (22), but some preliminary
manipulation of the integrand in that equation is necessary to allow for the behaviour of
k" (x) near x = 0. This behaviour can be inferred from (24) and (25) without solving these
equations in full. Asx—>0 the left-hand side of (24) tends to unity, by (21), and the fact that

® 3
lf (ﬂ) inl)fl_x_l:ﬂ(x>0) (27)
mJo \%, X —X
enables us to deduce that g(x) ~—(1/7) Inx as x— 0, and hence from (25) that
B"(x) ~1[mx  as x—>0. (28)
Therefore, since fw dx, =0 (x>0) (29)
0 3 (x —x) ’
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452 D. A. SPENCE
equation (22) is unaffected if 2”(x,) is replaced in the integrand by
Wi(x) —1fme, = y(x) say. (30)

The Laplace transform of the integral in (22) is then found, on writing x, = xu, as

(e[ Y,

u—1

and if we integrate first with respect to x and then with respect to u, this becomes

2| g

The transform of (3

0) is
V(€)= Eh(E) — &+ & fm) Ingy -+ [(y/m) — lim {2 (x) — (1/m) Inx}], (32)

x>0

where y is Euler’s constant. Insertion of this result in (31) and use of (29) enables us to
write the Laplace transform of (22) as

(1) e+ () S8t a7, (39)

m

3-2. Solution of equation (33)
Consider the function

3
PO -+ 7 (5) S g 0 <argg<2m, (34)

which is analytic in the whole {-plane cut along the positive real axis. Its values at points
£4+10 (£ > 0) immediately above and immediately below the axis are connected by the

Plemelj formulae Fr (&) £ F-(£) = 2i{ER(E) — 1),

Fr(§)—F-() = fo(gl)%él sE(lfgl)g—l, (35)

(The square root under the integral sign in (34) causes the formulae for the sum and differ-
ence to be the reverse of those usually quoted.)

Define also
€*+1(§+w)

the branch of the logarithm being chosen so that ¢ decreases from 7 to 0 as § describes the
real axis from —oo toco.

On substitution of (35) and (36) in (33) we replace the integral equation by a Hilbert
boundary value problem

F+ei0 _F-¢if — _2gin 0+ 2ivm A% cos d. (37)

To solve for F({), consider the function

=3[ e (38)
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which is analytic for 0 < arg{ < 27. As {—£-+10 (£ > 0) the values of X({) are

X*(E,) = (&) £i0(€), (39)
say, where "o ggl C;gl, (40)

the integral being the Cauchy principal Value, defined only for real {. Both Q and 6 are
in general complex.
Division of (37) by exp €(£) gives
(Fe¥)* —(Fe X)~ == —2(sin § —ivAn*¢ ¥ cos ) e (41)

This can be looked on as one of the Plemelj formulae (defined in the more usual way,
without the square root that occursin (85)), for the function F({) e=*®. The complementary

formula is then

(Fe )t 4 (Fe )~ = il e~ [sin 0(£,) —ivAn*Er ¥ cos 0(€;)] dé,

) £ E (42)

Ficure 2. Contour for evaluating (43).

(The possibility of an arbitrary polynomial appearing on the right-hand side of (42) is
excluded by the fact that by its definition #—0 as |{|—>c0.) The part of the integral
containing sin#(£,) in (42) can be found by evaluating
1 e~
2ni ] (=&
round a contour consisting of the infinite circle together with the two sides of the positive
real axis with semicircular indents above and below the point {; = £, and a vanishingly
small circle with centre the origin (figure 2).

(43)

Since, as |{| =0, In||

x( =—2Lojg- (44)

(this result follows from the fact that §(§) = £-1+0(£72) as {—00), the contribution from
the infinite circle is unity, and we finally obtain

1 (e sinf(€,)dE;, @
;fo §1—§ =1—e cosd(£). (45)
Likewi I . ¢ —X((Zl) 46
1kewise evaluation o ol fﬁ (’% ( )

56 Vor. 257. A.
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454 D. A. SPENCE

round the same contour gives
1 f‘” e~V cos f(¢,) d§, . 3o e
- — —fleh Edesin 0(E), (47)
wy T HE-D @

where £, is defined by the expansion of X({) near { = 0, which can be written
X() = —3In{+gim+ky+ -+ 30k, + 0(PIn ),

1 (=,
where hov) =~ = f “0(E) Ingde. )
1,
ko) =1 [Co@ e (- 1,2).
0
On solving (41) and (42) after insertion of these results we find
F* = i(l +A'§"1) eQE il __ (iq:A'e’fog—%), .
where A = ivAnte ko, } (49)
Substitution in (35) then gives
~ E(E+4")
ME) = 2 1 90,
O = e Erge (50)

This form of the solution is not suitable for Laplace inversion as it stands since Q(§) is
defined only on the positive real axis. We now need an analytic continuation of (50) into
the whole {-plane.

3-3. Analytic continuation of h(§)

To find this continuation, define the function

2o -1 [ P TaE (—n<angi<n

——tin 1 [ pE) g dg (51)

on integration by parts. Adding this to (38), similarly integrated by parts, we obtain
X(O+Z(0) :~ln§“717f:49’(§1)1n ({—¢&,) dg;. (52)
If 7 { < 0 the integral on the right can be found by evaluating
L) (=g A (53)

round the infinite semicircle on the upper side of the real axis in the {; plane (figure 3).
The contribution from the curved part is vanishingly small as the radius tends to infinity,
so the integral along the real axis is equal to the sum of residues of 2i0'({;) In ({—(,) at
poles inside the contour. To find these poles, factorize the cubics in (36) in the form

P—i((+w)? =TT (o) = [T ({—a) 1™ ({—ay),

TT(C—8) = T (C—B) T-(C—F),

=

: (54)
O+i(+iv)? =

—
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say, where /7+({—«;) is the product of factors for which J«; > 0, I~ ({—«,) is the product
of those for which £« < 0, and the I7*({—f,) are similarly defined. Differentiation of (36)

gives 3 1
06 = 21:1(§1 —h ﬁ)’

so the integral (53) receives contributions +In ({—f;), —In ({—«;) from poles f, o; in the
upper-half plane. Summing such contributions we see that

- (55)

. L Y, . H+(§—'ﬂi)
se<o: |7 0E)In(C—E) g = In e, (56)
Likewise integrating round the lower semicircle gives the value
L ()
57
I o7
for the same integral when J{ > 0.
o
Q P(l/>2)
) K,
1 /
|
Be 03 (v<2)
ay Oy

?/33
Ficure 3. Contour for evaluating (53).

Now use superscripts +, — to denote values at { = £4-10, where § is now free to range
from —oo toco. Then from (52), (56) and (57)

X+()+Z°) = In =z —Ing (58)
X-(§)+2(§) = ~Ingr et ~In. (59)

IfE > 0, Z*(£) = Z-(£) = Z(£), and adding (58) and (59) with use of (39) gives

2{Z(6) +Q(8)} = 1ng (E—a) E—F)—2In LI~ (E—a;) II*(—F)] —2In§,

e0®) 0]

°r TE+ED) " HE—a) T EHA) (60)
Substitution of the expression on the left into (50) then gives

N (C Y O

MO = ey By (61)

56-2
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This is the required continuation, and it remains to locate the roots of the cubics. For
small positive v these are

“1} — 4i(l+w—32), “l— _(1Fit—3p), ﬁZ} = —iv(1 £vE+3) (62)
P a3 Ps
up to order »%, and more generally an examination in appendix B shows that for v > 0:
(1) Of thea;, one, namely «,, lies on the positive imaginary axis, while a, and «, are in the
third and fourth quadrants respectively, at image points in the negative imaginary axis.
(ii) Of'the g, 5 always lies on the negative imaginary axis.
If 0 <v < 5%, f, and f, also lie on the negative imaginary axis (as in (62)). If &% <v < 2,
f1 and p, are in the negative half plane, at image points in the imaginary axis. If v > 2,
fy and f, are in the positive half plane, at image points in the imaginary axis. (Forv = 2 the
roots are 4-2, —1i.) Thus if v < 2 the denominator of (61) is just

(—ay) ({—ay), (63)
whereas if v > 2 it contains the further factors ({—f,) ({(—/f,). In the special case v = 2 the

arguments leading to equation (61) require revision on account of the singularities on the
real axis, but this will not be considered here.

3-4. Inversion of h(E)
The standard formula gives

L™ o et defe, (64)

o 27 c—io

h(x)

where Z{ = ¢ lies to the right of all singularities of the integrand, namely the branch point
at { = 0 (where ({) behaves like {*) and, for » < 2 and general values of A’, the poles at
{ = a5 and { = a3. When the path of integration is displaced to the left, the integral receives
contributions from these latter proportional to e** and e** respectively. However since a
has a positive real part its contribution would make 4(x) exponentially large as x—co,
thereby rendering non-existent the integral in the original equation (22). To prevent this
we must choose 4’ so as to cancel the pole at { = a3. This requires

A =—ay ie. A=—aq;ehfivnt, (65)
and we are left with h(Q) = e 20/ ({—ay). (66)
If » > 2 however, the extra factors ({—f,) ({(—/,) in the denominator give rise to two
further poles of £({). That at f; being in the right-hand half plane cannot be allowed, but

since no further freedom exists to cancel it, we must conclude that for » > 2 no solution of
(22) is possible for any value of 4.1

With £({) given by (66), the contour of integration in (64) can be deformed to the two
sides of the negative real axis, the pole at { == «, being passed over in the process. The
integral along the axis is evaluated with the aid of the Plemelj formula for Z({), namely

E<0: Z*(E) = OF) +i[0(E) —n],
where OF) = %fl’ (9_%&;%%77 dé,. (67)

1 But see footnote on p. 472.
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Using this result we find

é_}fi J‘i—:) 71({;) eﬁxdé’/g _ _% Jiwsinﬁ(g()ge—zi(j);g’x d¢ — z(x) (68)
say. The residue at a, is aztexp [ —Z(a,) +ayx]. (69)

This can also be written —i(0) e%*, as is seen by integrating {~4({) round a contour con-
sisting of the infinite circle together with the two sides of the negative real axis. Adding the

contributions, therefore, h(x) = i(x) —3(0) e, (70)

Since the real part of «, is negative, the last term decays exponentially as x —o0.

4. DISCUSSION OF DEFLEXION SOLUTION
4-1. Limuting behaviour of h(x) for small and large values of x

(i) The behaviour for small x follows from that of /(&) for large £. To find this we note
from (39) and (44) that Q(¢§) ~— (In) /7€, whence, by (50),

HE) ~ =+ 0(E"), (1)
and termwise inversion gives
h(x) = x+$(x%/m) Inx+ O (x2). (72)

which clearly satisfies the boundary conditions (21) and is consistent with (28). The two
terms displayed are independent of v, being precisely those of the steady solution.

(ii) Apart from the term which decays exponentially, £(x) behaves like ¢(x) when x is
large. i(x) is given by (68) as a Laplace integral, and its asymptotic behaviour as x +c0 can
be inferred from that of the integrand near £ = 0. For small |£|, ®(&) can be expanded,
after integration by parts, in a form similar to (48), namely

O — —In [£] 1 () +E40)+ 1E,0) + 08,
where  f=—L " pE)mialds, 4-1 [ v <n~1,2>} )

and O,(£%) denotes terms that are of order £* except possibly for multiplication by powers
of In{. Insertion of this expansion and that of ({—a,)~! in (68) shows that

i)~ =S [ (A 2,8+ 0,6) s gl|

1 1
where b= = R

(74)

The factor outside the integral can be replaced by A4/ivn?, as follows. As {0 from a point
in the lower-half plane, (56) becomes

”“(k0+lo) +3im = —In(—q), (75)

and when use is made of the fact that o) a, 03 = —iv?, and the value of 4 is inserted from (65),

we obtain _
el ggefo 4

e,  m? wm
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With this substitution, and carrying out the integration in (74), we finally obtain the

asymptotic expansion
: 4 A 34, 1
W) ~ i) ~ g 15k 1240, (55) . (76)

wxt
the difference between %(x) and ¢(x) being the exponentially small term (69). The limiting
result that x¥A(x) - A/iv as x o0 agrees with (23).

Coefficients in asymptotic expansion

The quantities [, /; and /, defined by (73) are found in terms of the roots ;, §; by direct
integration using the expression (55) for 0'({). The result is

i%immwﬂmm;
In a; lnﬂi
o pr L

In obtaining the second result, use has been made of the fact, noted in appendix B, that

2(p) =g o

Consideration of the location of the roots, as indicated in appendix G, enables us to simplify
one part of each of these as follows

1, = 31|,

(77)

n=1,2: 2

27r1

1 1
Il = 4oy :ja—z_;’ (78)

Rly = || 72
When the first of these latter is substituted in (75) we obtain

AW) = (1fJn) 69, sy, (79)
where ¢(v) = — (arga,+F1,+4m) is real. Thus |A(v)| = 1//m for all .

It may also be noted for later use that a relation similar to (75) exists between /, [, and
the corresponding coefficients £, &, in the expansion (48), namely

k,+1l,=—1at (n=1,2). (80)

4-2. Lift force
On substitution from (18) into (8), with w,, = 0, the expression found for the lift force is
L = 20U2rmp*[(1+ L iw) A(v) —ivB(v)] exp (int/c),}

1(® (81)
where B(v) = ;fo xtg (x) dx,

and A(v) is given by (23). B(v) can be written in terms of quantities already defined, by
rearranging (24) as (1V+d ) R f (xl)"g %) dx1+ A

Xl—x
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As x->00, the right-hand side behaves asymptotically like B/x*+A4/x*. Comparing this
with the asymptotic behaviour of the left-hand side, obtained from (76), we find that

VB()JAW) — ¥i(1+id,) — A,(), say (s2)
A, (v) is pure real since, by the second result of (78), #4, = 1/v. With the insertion of (79),
the expression for lift is thus

L= L1+ Ho—i, ()] expi (U0 +40)), (83)

where L, = (pU%) 4r(mp)? (84)
is the value obtained by Spence (1961 @) for the lift force in steady flow with deflexion-angle 7,
in the limiting case of small .

$(v) and A,(v) are plotted in figure 6 and tabulated on page 469. In the limit of small v,
both quantities behave like 1%, so the limiting situation as w0 is one in which the liftforce
simply oscillates with reduced frequency w and amplitude equal to its value L;in steady flow.

The lift force has been calculated from (83) as a function of w for two particular values
of 4, namely 0-025 and 0-25. The results are shown in figure 8 as plots of |L/L,| and of the
phase advance. 1t is seen that |L/L,| does not begin to depart appreciably from unity
until w is greater than 1.

4-3. Behaviour when v is small

To discuss the behaviour of the solution as v— 0 we calculate the limiting form of ®(¢)
explicitly, using the expansions of «; and f; already quoted in equation (62). The lines of
the calculation are indicated in appendix D. The result can be written in the form

) = ®0(5>+i—;{2£15-2|§—-+|1"5 ¥ (8))+- 002,
-1 (85)
where Q&) = _%fl (ﬁtai_gé_dé,

which is the value of ©(£) when v = 0. The function W is given by equation (D 8). The
integral (68) is divergent in the limit v = 0, since the integrand then behaves like
£ ¥(E+a,) ~ &%, but we can still calculate the reduced downwash, which is given by

B ) +ivh() = =1 [ sind() exp[—0E)+61 %, (86)
On insertion of the above expansion for ®(§), together with that of sin (£), namely
sind(§) = (@+1)4 1+ g+ 004 |, (57)
the right-hand side of (86) can be written uniformly in x in the form
‘ Jolx) [1+0()], (88)
say, where 1 f B expl £2®—|— % ex] dé. (89)

This function is precisely that found by Spence (19614) as the downwash distribution in
steady flow. It satisfies the equation

Al =3 [ (2) Lo, o) -, (90)
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and behaves like (7x)~% as x—~00. (The equation (90) was first solved by Lighthill (1959)
who wrote f;(x) as a Mellin integral, and by Stewartson (1959) who used the Wiener—Hopf
technique to obtain f,(x) as a Fourier transform.)

Combining (86) and (88) and solving with the terms of order v excluded, we obtain

hw) = [ emamn ) d. (91)
0
If vx < 1 the exponential can be treated as unity, and we have simply
wx) — | ol d, (92

which can be seen by inspection to satisfy equations (24) and (25) when v is set to zero at
the outset. This is the solution suggested in Spence (1961 8) for the low-frequency case, and
we now see that it is an approximation to the full solution only up to non-dimensional
distances from the trailing edge x = 0 such that

x< 1y, ie. pucx<clo, (93)

that is at physical distances that are small compared with the (27)~! times the wavelength
of the oscillation (namely the distance 27(c/w) travelled by a particle in the undisturbed
stream during a complete cycle). Within this range the first term on the left of (86) dominates
over the second and the approximation v = 0 is permissible. However the corresponding
value of &(x) behaves like 2(x/m)* as x—o00, which is physically unrealistic since it would
imply a finite value of ; at infinity. But if the second term on the left of (86) is retained it
ultimately becomes dominant, no matter how small the value of v, at distances x > 1/v.
The limiting form of solution is then found as anasymptotic expansion by partial integra-

tion of (91), in the form 1

h(x) ~ () fo(%) ~ —— (94)

iv(mx)®
in agreement with (76), since 4 >n"*as v—0.

4-4. Improved approximation for p less small

The solution of the previous sections, obtained by setting z = 0 in (19), approximates to
the full solution uniformly over the whole range 0 < x < co. It can beimproved by replacing
#/(1+ux) in (19) by g, and retaining this term but excluding its square. This procedure is
not uniformly valid since when x > 1/u, #/(1+px) behaves instead like 1/x which is then
< p; in effect it is an ‘inner’ expansion of the full solution, and a different form of approxi-
mation would be needed to treat the ‘outer’ region x > 1/x. It is, however, adequate for
calculating the next approximation (in #) to the lift force.

To the stated approximation, (19) is

2 ol a5 o 2,

. A
k) (99)

Operations similar to those of §3-1 show that the Laplace transform /() defined by (26)
satisfies

(g in) e +iv—) 1)+ [ (3) 680 (16) ) £ = Go— ) a2, (90
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The solution of this equation follows exactly the same lines as that of (33). Expressed in

terms of a function o — ml E2E—34) +i(E+1v) (E4iv—p)
E2(E—3p) —1(§+W) (E+v—p)

1 1 JH (é /jf) (97)
say, which is a generalization of ( 36), it is
Ie E(E+ivAnt e ko) e2®
)T BT )
Q(£) and £, being defined in terms of the new # by (40) and (48). An analytic continuation
identical with that of § 3-3 then enables us to write

WQ) = e/ ({—ay), (99)
as before, Z({) being defined by (51) in terms of the new 0, and «, being the appropriate root
of the new cubic. When x and v are small and of the same order, the roots are

(98)

o = i 2vb g 2 = —b[1Lr(E+io)],
,91: ﬁz} (100)
;;Z} — (1) [1 (=) (3—0)]-

Inversion of (99) shows that the asymptotic form of the solution is the same as (74) up to
the term in x~%, with coefficients that now depend on x as well as on v. The next term how-
ever behaves like (Inx)/+! in this case, a consequence of the non-uniformity of the approxi-
mation at large x. It is straightforward but tedious to repeat the calculations of §4-2 and
appendix D to find 4(v,x) and B(v,x) and hence the lift force. The details will not be
given, but it is of interest to note that in the limit » = 0 the expression for lift takes the form

Lo{1 — (p/2m) In p},
which agrees with that found for steady flow (Spence (19614)) by a somewhat different
expansion of the downwash function 4'(x) in powers of p.

A more useful exercise is to find the relation between x and v at the critical point beyond
which a solution becomes impossible because the imaginary part of the root £, becomes
positive. To do this we find the condition for £, to be real.

B; (j = 1,2, 3) are the roots of

[E2(E—3u) —2vE+w] +-1{E? —pE—v?} = 0.
If f is a real root of this equation, the expressions in the square and in the curly brackets
both vanish when £ = . The condition for the second of these is

B =bp 1/ +40%).
We identify the upper and lower signs with £, (positive) and f, (negative) respectively. On

substitution of £ = f, in the square bracket, the condition that the latter should vanish is
found after a little algebra to be

0220 ) J( +47) —
or, on setting v = puw, W =[1—(1/20%) {1+ (1 +40?)~¥]L (101)

57 Vor. 257. A.
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If this value is denoted by v, , then for v < v, the imaginary part of £, the root with
positive real part,isnegative, and /({) hasno pole at £, so solutions of (95) exist. If, however,
V> Vo, Ff > 0, and no solution is possible. This is consistent with the earlier result that
Ve, = 2 in the limiting case 4 = 0, for on setting © == v/u =00 in (101) we obtain the
same value.

5. COMPUTATIONS OF JET DEFLEXION

The integral ¢(x) has been evaluated for a number of values of ¥ on a Mercury computer
using complex arithmetic by Miss L. Klanfer of Aerodynamics Department, R.A.E.
A preliminary step was to find the root «, of the cubic £ = i(§ 4 1v)2, namely that with both
real and imaginary parts negative. A standard program for solving cubic equations gave
the values:

v 0-05 0-1 0-5 1-0 1-5
Ro, —0:00994 —0-02554 —0-17913 —0-36899 —0-54721
Ja, —0-04677 —0-08856 —0-34131 —0-57395 —0-76709

(The remaining roots are ag = i(J ay) —Z ay, 0; = i(1 —27 a,). To put the infinite integral
(68) into a form suitable for computation, the transformation

£ =—tan®(3g), 0(§) =n—G(9) (102)
was made. The inner integral is then
O) = — (2/7) (cos? 19) f GCOS ;‘j‘iiﬁ;gqj‘ (103)

This was evaluated by interpolating to G(¢) by a series

G(g) — (tanZ %¢+§)—l—|—cot 14 go a, cos ng, (104)

the first term on the right being chosen to have the correct behaviour at both 0 and 7 in
order to improve the convergence of the Fourier coefficients «,. By trial and error it was
found satisfactory for v up to 1 to work with N = 45, when the last 10 or so coefficients
were 1074 times the largest. A larger number would, however, be necessary to achieve the
same accuracy for v = 1-5. The expression (103) is then equal to

—In (tan @) —cot 3¢ 2 sinng +J(¢), (105)
where J(¢) = [$tan? {4 In (tan {g) — (1/7) In ] [tan? 34+ (2/m)] !
and altogether
i(x) = ~;11- f ;' exp {cot 14 él a, sinng— J(§) —x tan? %qﬁ} S{hg%%, (106)

a,, G, J and o, in this expression are all complex. The integral was evaluated by Gaussian
integration of the real and imaginary parts separately. Finally A(x) was found from i(x)
with the aid of equation (70). A check on the accuracy of computation was provided by
a separate evaluation of 7(0) as a; 2 exp {Z(a,)}.
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A further check is provided by the value of |4,/7|, which is known by (79) to be unity,
and which can be expressed in terms of the Fourier coefficients as

. . ¥
Agn=—exp [— lim {O(f) + 3 1n |g|}] — ¥ /@) exp (2 S nan). (107)
Oy &0 %) n=1
Values of |4,/n| computed from this expression are

v 0 0-05 0-1 0-5 1-00 1-50
|4 +/n| 1 0-9997 0-9997 0.9997 1-0009 1-0055

(@) & k(%)

L t i I - t
0 10 20 x 30 40
Ficure 4. Computed values of 4(¥): (a) Real part; (4) Imaginary part.
57-2
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showing that the accuracy of calculation with N = 45 is good up to v = 1 but begins to
deteriorate beyond this point.

The results, in the form of plots of the real and imaginary parts of /(x) for these values
of v and x up to 10 are shown in figure 4. It will be noted that the amplitudes are still
increasing at x = 10 for v = 0-05 and 0-1. The curves do, however, ultimately decrease, and

0-04}- e
2 1 (1) /u,:O'OZ5, w=4

0l t_
008 \ “ =0

012t T~

\ .
—_— steady motion ( w=0)
e
(ii) /4:0'25, w=4
~0-04} 3 |
' y
1 2 3 xfc 4 ? (l)
0 ! l I

0-041

0-08 -

012

Ficure 5. Instantaneous jet shapes in deflexion case for two values of v.

the asymptotic expression (76) was found to be very accurate in all cases for x between
50 and 100. For larger values of x it is more accurate than numerical integration of (106).
The curve for v = 0 shown in the upper part of figure 4 is obtained by integration of the

expression x
W) = [ il d

where f; is defined by (89), which applies in this case. Since f(x) ~ (7x)~%, A(x) in this case
continues to grow indefinitely like 2(x/m)?, and as remarked in §4-3, the other curves also
behave in this way when x is small compared with v~1.

The instantaneous location %,(x) of the jet, which is given by the real part of &,(x) eivUtle
(x now being the physical distance ¢(1+4x)), for v = 4 and for two particular values of g,
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namely 0-025 and 0-25 (i.e. C, = 0-1 and 1-0) is plotted in figure 5. The curves are derived
from the non-dimensional curves of #(x) for v = 0-1 and » = 1-0, using equation (18), and
are shown for the phase angles wUt/c = 0, }m, 7 and 7.

6. PLUNGING MOTION OF THE WING, WITH JET TANGENTIAL

In this and the next section respectively we derive the solutions for cases in which the
wing: (i) moves up and down sinusoidally with amplitude f¢ say, £ being small compared
with 1, while remaining parallel to the undisturbed stream, as indicated in figure 1 (6)—
this corresponds to motion through a ‘row’ of gusts (or through a single frequency com-
ponent of the turbulent spectrum); and (ii) oscillates in incidence with amplitude « about
the trailing edge. In either case we shall treat the jet-deflexion at the trailing edge as zero,

that is set
(.- s
0x x=c ox x=c,

since the solution already obtained need merely be linearly superposed to deal with motions
in which the deflexions are not zero.

6:1. Governing equations
For the plunging motion treated in this section we set
hy, = fcei@lle,  whence w,, = iwUf elwllc, (109)

On substitution of this expression for w), the right-hand side of (8), which was zero in the

deflexion case, becomes oAb
ia)Uﬁl:l — (’ix—) ]eiww/c, (110)

Equations (4) and (6) remain as before. If now we set
By — el L+ iv ) ()] /}
7, = 2i0UB(ue|x)} g, (%) elov,
where ¥ is defined by (17) as before, then by combining (3), (4) and (6) we obtain the

(111)

equations _ _
.. d o L e mvbg (R)dey
(g == [, () e (112)
. d — m (—
(iv+ ) &%) = =41 @), (113)

which correspond to (24) and (25), the second members of each pair being identical in
form. Here, as before, terms of order x have been excluded but v = pw retained. These
may be combined as follows into a single equation for %,. The bar over x will be omitted
from now on. The right-hand side of (112) can be rewritten

1 fw (ﬁ)igl(xl) dxl+éj_x1}
mJo \X

X —x  xt ’

. (14)
where 4, =~ fﬂ x7tg (%) day,
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and differentiation of (112) after writing the integral in the form

_1 fw utg, (xu) du/(u—1)

m

: d e\ g dey
e ax(+ ) e =2 () i

When iv times (114) is added to this, the result is
Lhy(x) = (A, —3) x~* —inx? (115)
with boundary conditions £k, (0) = A1(0) = 0,

& being the integro-differential operator defined by (22).

6-2. Solution of equation (115)

Equation (115) is of the same form as (22) except that the extra term —ivx* appears on
the right-hand side and the boundary condition on 4;(0) is different. The equation can be
solved by the same operational technique as used in § 3. Without going through this, however,
it is possible to express the solution directly in terms of that of (22) as follows. The solution
of (22) will be denoted from now on by #,(x), and the corresponding eigenvalue by 4

Differentiation of (115) with respect to x gives

C

) = — 2 &
ghl(x) - 2x’2’+x%’ (116)
where €= () dxy — 3 (wd, ).
0

Now comparing (116) with (22) we see that the two would be identical in form if C were
zero. We therefore write down the solution of (116), namely Aj(x) = — (1/24,) ky(x),
assuming C to be zero, and subsequently prove that it is so. This establishes the existence
of a solution, but its uniqueness can only be shown by going through an argument like
that of § 3, which will not be done here. To satisfy the boundary conditions we must choose

) = — (249 [ (o) (117)

The corresponding eigenvalue 4, is found from the asymptotic expansion of 4,(x). Use
of (76) shows that this is

hl(x)"’—* —|—*2;—'m+ ] \ (118)

as x—00. When this is inserted in (115), equating the second terms (those in x %) in the
asymptotic expansion of each side shows that

Ay = — 3+ 1/iv). (119)

From (82) we see that 4, = By/4, = v='A,(v). The integral in the expression for C is found
from a similar calculation based on equation (22) with use of the asymptotic expansion (76) ;

this gives 1 [
2 f R (%) de = Ay(143i0A)),
0
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FLOW PAST A THIN WING WITH OSCILLATING JET FLAP 467
whence C=—(2nd,)! foo xhy (x) dx—3(ivd, — 1) =0, (120)
0
which demonstrates the consistency of the solution.

It may be noted that #,—0 as x—00, as would be expected on physical grounds; substi-
tuting the asymptotic expansion (118) into (111) we obtain

‘ x \} A 1
et ~peee 1= ) ()] 0 ) )
as ux —0oo.

We also note that the curvature of the jet at the trailing edge, —#7(0), is 1/24,, whose
magnitude is },/7 for all values of ».

12—
08

04

| | l 1 | | t |
0 0-4 08 v 1-2 16

Ficure 6. Quantities occurring in expression for lift force.
(¢(v) is measured in radians).

Computed values

h,(x) was computed for » = 0-1 and 1-0 by numerical quadrature of (117) for values of
¥ up to 50. Above this it was necessary to integrate the asymptotic expansion of /,(%).
From these results the instantaneous jet position has been computed for the same values
of w and x as used in figure 5, namely v = 4 and 4 = 0-025 and 0-25 and for four phase angles.
The results are plotted in figure 7.

6-3. Lift force in plunging motion
Substitution of (109) and (111) in (9) gives
I',(t) = i0fcUn(1+2ud,) eloUie,
and the expression (8) for the lift force becomes

L = npU?%feliv — $0*+ (1—3w) 2vA4, + 2v2B,] elelile, (122)
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where B, = 1 fw x* g, (%) d.
mJo

B, is found by substituting the asymptotic expansion (118) into (112), the right-hand side
of which behaves like B, /x}+4,/x* —x* as x >00. On equating the terms in x~# on either
side we find 1

B, — %(124—5‘). (123)

We have already noted that 4, = v~1A,(v), and it is also possible to show by substitution
from (74) and use of (78) that C 1a-2A2
%Bl =gV Al'

hy|Be

. . (i) p=0-025, w-4
_O. L 4
3
2 4 5
0 ! e | 1 B B—
05+
10
‘ (i) ©=0-25, w=4
-0-51- s
4 5 6
0 | 1 }
05~
10

Ficure 7. Instantaneous jet shapes in plunging motion, for two values of ».

If the imaginary part of B, is written v-2A,(v), where A, is real, we can rewrite (122) as
L = mpU?fc[iv — 302+ (A3 —wA,) +1(2A, + A,)] eloUie, (124)

A,(v) is plotted along with A(v) and ¢(v) in figure 6, and tabulated below. To prepare the
table, the quantities [, /, and /, were first found as functions of » from the roots «;, #; by means
of (77). ¢(v) follows immediately from [y, and A, and 1, were computed from /; and /, by
the use of (74). A, and A, then follow with the aid of (83) and (123) respectively.
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QUANTITIES IN EXPRESSION FOR LIFT FORCE

v 0 0-05 0-1 05 1-0 1-5

o(v) (radians) : 0 0-2902 0-4079 0-7264 0-8669 0-9430
A(v) 0 0-1328 0-1882 0_*3929 0-5214 0-6073
Ay(v) 0 —0-1033 —0-1411 —0-2758 —0:3597 —0-4178
I 2.0+
L
é
8

.

<=

N o

=09

=g

o"% 1-5

=S

2 g

5.8

5 &

02:‘ .
<
@ ‘
5 |
g 10 | i |
= 0 1 2 3 4

Ficure 8. Oscillating deflexion angle: lift amplitude (solid lines) and
phase advance (broken lines) for two values of 4.

16—
12
(»
- )
v’\
//\9

08— g =025

- jszl\f"A 2
il g

,a=0‘025
| F
] I | ] ] |
0 1 w 2 3

Ficure 9. Plunging motion: additional lift contributions due to jet for
two values of # (see equation (124)).

Vor. 257. A.
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470 D. A. SPENCE

(The limiting behaviour as v —0is ¢(v) = 2A,(v) = —2A,(v) = 1%, the terms but for which
these equalities would be exact being of order vInw.)

As an example the real and imaginary contributions to the non-dimensional lift which
depend on the strength of the jet, namely the terms A?—wA, and 2A,+ A,, are plotted in
figure 9 as functions of w for the same two values of x as used previously.

The basic element iw — $0? in (124) is not however the same as in flow in the absence of
a jet, when the classical value

L mpUeio 3o+ K (o) ]
K 1(3lw) 1

o(8iw) + Ky}

involving the so-called Theodorsen function holds (see, for instance, von Kdrman & Sears
1938). The essential difference is that in the absence of a jet the circulation I",(¢) is zero
by Kelvin’s theorem, but a jet extending to infinity, however weak, alters the connectivity
of the region of potential flow and the theorem no longer applies.

7. PITCHING MOTION ABOUT THE TRAILING EDGE, WITH JET TANGENTIAL

We now consider the case indicated in figure 1 (¢) in which the wing executes oscillations
in pitch about the trailing edge x —¢ and the jet emerges at all times tangential to the chord
line. The solution for pitching motion about a point other than the trailing edge could then
be obtained by superposition of an appropriate multiple of the plunging solution of § 6.
Accordingly, we suppose the wing ordinate is given by

hW _ OL(X-C) eint/ﬁ,
. . . (x—c\T 125
in which case wy, = Ua [1 +iw (fzﬁ) gloUile (125)

and the right-hand side of (3) becomes

e L L R S

while equations (4) and (6) remain as before.

7-1. Goverming equations

An appropriate transformation for this case, corresponding to equations (111) of the

previous section, 18 b, = ouc[% -+ (,uc/x)%hz(ﬂ?)] eiww/c’l

e 127
Vo = 2Ua(uc|x) g, (%), | e
which leads on substitution in (3), (4) and (6) to the equations
dx e N —1 . _3
(”’er ) %)+ f (xl) *’—T—*x Lo (1 L) 7, (128)
d " f-—
(v ) o0 — — s (3). (129)

These may be combined as were (112) and (113) to yield the single equation
Lhy(x) = [Wwdy— (1 +iw)] x~t — (5 + Liw) b +-v2xt
= iv(ax~¥ 4 bat —ivat), (130)
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say, where A, = %J wx"%gz(x) dx, (131)
0

& is the operator previously defined (by equation (22)), and the bar over x has been

omitted. In this case the simplest course is to solve directly by the method of § 3. Laplace

transformation gives

s O S gt o

with solution
hy(£) = g J’{‘ng;’(gj'r )1 [a£2+30E(1—k, &) — $ir{1 — b E— §(k,— D) E8}] €20, (133)

where k&, £, and k, are the coefficients in the expansion of X({) defined by (48), and are
related to /y, [, and [, by (80). (If v > 2 the last formulae would also contain contributions
from £, and f,, but as before no solution exists in this case.)

As before, h,(£) must now be continued to the whole {-plane, with the aid of equation (60).
For v < 2 this produces the factors ({—a,) ({(—a;) in the numerator, the second of which
must be cancelled by choosing 4, appropriately, as otherwise there would be a pole at
{ = a5 which lies in the right-hand half plane. We must therefore choose 4, in such a way
that the expression in square brackets in (133) vanishes at £ = ay; this requires

Ay = i’( -I~l)(———k)+§(l+-1a))( +w—k)—%iy(k2_k%)

(~—3(1—iw)r~t as v—>0), (134)

and when 4, has this value the stated expression equals

1 3iv
PR ( £+ ) (135)
3 .

where ¢ = :)( —k+ )+(§—+%1w)

(=3(1+3%iw) +O(v?) for small »).
Then since iv,/me~% = —a4/A,, by (65), we finally obtain
hy(8) = — (0 + ) e 204y (P({—a). (136)

This can be expressed in terms of the solution for the plunging case of § 6: on forming the
Laplace transform of (117) we have

() = —ho(8) /244, (137)
whence 722(@:(20 312) (O and hy(x) = 3—;'1 f (%) dx+ 20k, (x). (138)

7-2. Lift force in pitching motion
Substitution of (125) and (127) in (9) in this case gives

I, = nUac(1l — Yo+ 2ud,) eieVie,
58-2
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and the expression (8) for the lift force now becomes

L

1pU% eloUtlc ~ 1+ 3§10+ j0? +2u[ (1 + §iw) A, —1wB,], (139)

where 4, is given by (134) and B, = % f: x2g,(x) dx.

Here again, the limit as #— 0 differs from the classical value involving the Theodorsen
function, for the same reasons as indicated in § 6-3. The calculation of B, presents formidable
algebraic complications that have not been attempted but it seems most likely that vB,,
like 4,, behaves like »~* as v—>0, and on physical grounds one would expect the singular
behaviour contributed by the two terms in this limit to cancel out.

8. CONCLUDING REMARKS

The finding that solutions to the problem for real frequencies v exist only when v = uw
lies below a certain critical value v,;, say (which is 2 in the limit z->0, but is given by the
more complicated expression (101) for larger values of x), was unexpected, and a com-
pletely satisfactory explanation has not been found, although two possibilities suggest
themselves. (i) It would not be altogether surprising if linearized theory, which supposes
velocities normal to the boundary to be small compared with that of the undisturbed
stream, broke down at high frequencies; moreover, the boundary condition applied at the
jet, equation (5), would also be suspect physically if the velocity of the jet normal to its
boundary were comparable to that of the flow within it. However, the fact that linearized
theory becomes suspect at high frequencies does not necessarily mean that solutions should
cease to exist for the linearized model. (ii) A more likely explanation to the author’s mind
is that v, represents a dynamical stability boundary beyond which steady oscillations of
the system are impossible. It is possible to obtain solutions for oscillations in which the
real part of v is greater than v , but » must then be complex with a negative imaginary
part, so such an oscillation would be divergent.

A stability boundary of this kind does not seem to have been predicted before, possibly
because comparable flows involving wakes and regions of separation are difficult to study
analytically, but it may well occur, and presumably in the latter cases the breakdown would
lead to turbulence. In this connexion it may also be noted that » can be looked on as a
Strouhal number for the jet, since if § is the jet width and V the velocity within it (which
have up to now been thought of as zero and infinity respectively) we should have J = pV?j,
and g = 4(V/U)24/c, by (7), and on setting wU/c = 2uf, the analogue of the wake Strouhal
number defined by Roshko (1961) would be

sr SOV (Q)3
V. a\V
1 The condition for a solution to exist is that # 8, < 0. If we write v = n+ip, this condition becomes
p< —n¥ (nd—2%),
so when n = #v > 2, p = Sy must be negative if a solution is to exist. The growth in amplitude per cycle

1
for a possible motion cannot therefore be less than exp 27 [l - (%)3]


http://rsta.royalsocietypublishing.org/

I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/| \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FLOW PAST A THIN WING WITH OSCILLATING JET FLAP 473

Such a number might well characterize the breakdown of an oscillatory flow. (But when
the present solution is repeated for a negative value of g, to represent a wake, no cutoff
frequency is found, although the inviscid flow becomes indeterminate above |v| = 2.)

Comment is also necessary on the breakdown of the solution for transient motions
proposed in Spence (19616). This solution was obtained for small times after the
deflexion of a jet flap by omitting dk/dx in comparison with di/dt—or in the context of the
present paper, for large values of v by omitting di/dx in comparison with ivk, and
dg/dx in comparison with ivg, in equations (24) and (25). The latter then admit a simi-
larity solution in terms of the variable v¥x, and the corresponding equations for time-
dependent motion admit one which depends only on x/#. Itis clear, however, that the full
equations (24) and (25) do not have a solution as v —+00, so this approach must be discarded.
The precise reason for the breakdown of what appeared a plausible approximation is that
g (%) behaves like Inx near ¥ = 0, so ivg is dominated in this neighbourhood by the term
discarded, however large » becomes. Erickson (1962) has proposed a solution of the simi-
larity form for large v slightly different from that of Spence (19615), but this suffers from
the same objection. Itis clear that the approach also fails for transient motions, since these
are obtained by Fourier synthesis of solutions for all frequencies, but those for frequencies
W > Ve [t dO not exist.

I am indebted to Miss Laura Klanfer, B.Sc. for carrying out the computations reported
in the paper.
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APPENDIX A. DERIVATION OF EQUATION (16)
Equation (14) can be rearranged as

— ) dx I
_9 U( ) f I: xl c 7’J 1 N
g —x  xb(x—c)

where I'= f ( ) y,(%,) dx;.
The first term on the right, with the substitution x; = xu, is

f‘” (xu - c)é uty (xu) du .

X—c u—1

X1—

clx
Its derivative with respect to x is

f°° (xu——c)% uty’,(xu) du » f“‘ uby ,(xu) du
— 3z N (e

X—¢C u—1 c/x( —C)% (xu_c)%

clx

[ BT G a2

(A1)

(A2)

(the term arising from differentiation of the lower limit of integration is absent since

lim (xu—c)¥y, (xu) = 0),

u—>clx
1
and that of the second is l—zﬁ—if (A3)
x¥(x—c)?
The sum of (A 2) and (A 3) gives
_ d (o, d xl_c %)) dx, 3¢ ® 7,(%,) dx,
QWde(c +dx)hJ( f [ ] PR st ] e (et & (A4)
Adding (A 4) to iw/c times (A 1) we obtain
—QnU(iﬁ ) f [xl X —¢ ] iw/c+d/dx,) y,(x,) dx,
¢ X, —%
1 = x \Pfiw ¢
et G (Cam) i dne (a9
On substitution for [(iw/c) 4+ (d/dx)]y, from (15) this yields (16).
AppeENDIX B. RooTts oF cusics
a;, &, a3 are defined by (54) as the roots of
E—i(f+w)? = (B1)
Writing § = ix, we see that «; = ix;, where x;(v) are the roots of
px,v) = 23— (x4v)2 = 0. (B2)
Likewise f,, f5, f5 are the roots of
pree Bpi(E+iv)? = 0, (B 3)
and writing £ = —ix here, we see that f;(v) = —ix;(—v). We therefore examine the roots

of (B 2) for positive and negative values of ».
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The turning points of p(x) are where p'(x) = 0, namely ¥ = 1(14-£), wherek = /(1 +6v),
and simple algebra shows that

p+3k) p(3—3k) = V(v ++5)- (B 4)

There are three real roots if this product is negative, i.e. if —g% <v < 0. For all other
values of v one root is real and two are complex conjugates.
Since p(1) = —v(v+2), which is negative if v > 0 or v < —2, the real root is greater than
unity for these values of v, and since
X+ xytxy =1 (B 5)

it follows that the (equal) real parts of the complex roots are then negative.
Applying this result for » > 0 we see that the roots of (B1) are of the form

@ — i(1426), 22} — Fa—ib, (B 6)
3

with ¢,5 > 0 (and @ — b = 0 when v = 0). These are distributed in the manner described
in §3-3.
The sums of the roots singly and in pairs, and their product, are

Su=1, 2 a0 =20, o dyay=—1i?
(i+j5)
1 1 2 (B7)
and Z;l:‘;, Zgzé——ﬁ.

Again, if —+% < v < 0, since p(0) < 0 < p(1), and since the turning points of p(x) both lie
between 0 and 1, all three roots lie within this interval; therefore for 0 < v < g% the roots
of (B 3) are pure imaginary, namely

fi=—ix; (j=1,2,8) 0<x <], (B 8)

where the x; satisfy (B35).
When V= —gy X=Xy g, X3 =g

When —2 <v < —++, x; and x, become complex conjugates, and 0 < x3 < 1. Thus the
root of (B 3) for 5% < v < 2 are of the form

? — to—id, By=—i(1—2d), (B9)

with¢> 0,1 >d > 0.
However for v < —2, x; > 1 and the roots are then as above but with d < 0, i. e. £, and S,
are then in the upper-haif plane for v > 2. The critical case v = 2 corresponds to¢ = 2,d = 0.
The sums corresponding to (B7) are

2f;, = —1i, igjﬂiﬁj =—2v, f1fffs =1

: B 10)
1 21 1 2 (
and Zz:j, ZE:'—V—Z.
1 1 1 1
We note that Z(@_F) - z(&?—ﬁ?) — 0. (B 11)
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AprENDIX C. VALUES OF #Z/,, [, AND Z1,
For the purpose of this calculation it is more convenient to write the roots ; in the form
ay =1lay|, ay=rell M gs=ret? (0<0<im), (C1)
instead of (B 6). The modulus of their product is then
72|y | = v (C2)
Likewise the roots f; for 2 > v > % can be written
— il e, By pe®m (0<p< ) (@3)
and o2 1Bo] — 12 (C4)
Substitution of (C1) and (C 3) in the first expression of (77) gives
Zly=}In|a|—2Inr+1n |f5] +21np]
= $In|o| (C5)
by (C2) and (C'4). When 0 < v < 4% we write instead §; = —1|f;| where |, f,f;| = v% and

easily recover the same result.

The results for # [, and £ [, are also obtained by substitution in the appropriate equation
of (77). We do this here only using the forms for f; that apply for 2 > v > &%, but it is easy
to verify that the results are unaffected by the change in form of £, and £, when 0 <v < .

First, we find : in
rst, we fin 2[(2]a1| snﬁ) (2‘;3|+Sp¢):|. (C6)

To simplify this expression we note that the sum

U 0+ 0y (ot +ag) = —1242r|a; | sind = 2v
by (B7). Division through by 2/% || = 212 gives

1 sinf 1

‘-m‘l‘*r— =;. (C 7)
Likewise -1#—|—§1—n—?- _1 (G8)
2|/93| p v

Substitution of the last two results in (C 6) gives

1 sinf 1 1 1

R A S it (C9)
Again, b= 2[(2|a k Coffa)—(_‘zﬁ*g%%)]
“idaraa)-mmra) (@10)
1

Use of (B11) reduces thisto %1, = ke $oy |2 (C11)
1
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APpPENDIX D. BEHAVIOUR OF ®)(§) WHEN v IS SMALL

Integrating (67) by parts, we can write

o =1 [ M8 Tag — —pmg+ie), (D1)

m)_ o &—

1 - vemE-fd -5z [ 3 (Fprg)mla-EdE. (D2)

Now using the expansions for «,, f; quoted in equation (62) we have

where

1/ 1 1 ) I: 41V£1 :l
1 o(v? D3
21(51 o &—h gz‘f‘l Tt ) (D3)
The contribution this term makes to /(£) is found on 1ntegration to be
1 (% In|§,—¢§|dE, 2iv 2iv (In |£| —3nE .
?fﬂ> &+1 —Infé[+ -(~?+1 )+O@y (D4)
The first term on the left here can be expressed in terms of ®,(£), the value of O(§) when
v = 0, since
’ L0 cot'|E|dE, 1 (0 In|&—E|dE
O = | g = amige [ (D3)

It remains to calculate the contributions to /(§) from the a,, @3 and f,, f; terms. With use
of the expansions (62), this is found to be

([gl+w<1——v>] {g1+w<1+z">}) n &, —&[dé,

i [ 12— { P40
v (0 3i 2
2 (et e 00 tmvtIn =gl dn, (DO
where 7 = §/v.
On integration by parts this can be written
2v v )
— = f]+ =W (y) + 0 Inv) (D7)
say, where Wy = i — 2 5 (In | 7] + 4im) (D8)
» T e 77+i

[(€) is the sum of (D 4) and (D 7), and substitution in (D 1) with use of (D 5) yields equation
(85) of the main text.

The coefficients in the expansion of / for small { defined by (73) are found by direct
evaluation of the respective integrals, using similar approximations to those above; the
results are

g . . .
Q:eﬂﬂm+0+%m h:~#m%% =22, (D9)

(The first two of these can also be found by letting {0 in (£) and !'() respectively, but
a further term in the expansion for small v would be necessary to get the third in this way.)
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